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Abstract. In this paper, we provide a construction of Cauchy dual space
for Banach space B of vector-valued analytic functions on Ω ⊂ C. Moreover,
we describe the relationship between the analytic model for a left-invertible
operator T and analytic model for the Cauchy dual operator T ′.
1. Introduction
There are various ways of representing the dual of a Banach space; for example,
the dual of Bergman space B of analytic functions on disc can be identified of course
as B itself, via the usual Hilbert-space duality, defined using the inner product.
However, in many applications it is more appropriate to identify the dual of B with
the Dirichlet space of analytic functions on disc via the Cauchy pairing.
Let B be a Banach space of analytic functions on D. Assume that the polyno-
mials are dense in B. Define an operator U : B∗ → Hol(D) by
Uϕ(λ) = ϕ
( 1
1− λ¯z
)
, ϕ ∈ B∗.
Now let B′ be the image of B∗ by U with the norm induced from B∗, so that U is
unitary. With this norm the space B′ is called the Cauchy dual of B. The name is
justified by the fact that the dual of B is represented by B′ via the Cauchy pairing
ϕ(f) = lim
r→1−
∫ 2π
0
f(reit)Uϕ(reit)
dt
2π
, f ∈ B, ϕ ∈ B∗.
This notion is well-known in the theory of spaces of analytic functions. The follow-
ing table describes some classical examples,
B B′
Hp Hq 1
p
+ 1
q
= 1, p > 1
H1 BMOA
VMOA H1
D2,α D2,2−α −1 < α < 3
A−α0 D
1,1−α 0 < α
D1,1−α A−α 0 < α
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where Dq,α is a common notation for the standard weighted Bergman and Dirichlet
spaces and denote the space of analytic functions on a disc with
‖f‖qq,α := |f(0)|
q +
∫
D
|f ′(z)|q(1 − |z|2)αdA(z),
A−α denotes the space of analytic functions f in D with
‖f‖ := sup
z∈D
|f(z)|(1− |z|2)α
and A−α0 is the subspace of consisting of functions f with the property
‖f‖ := lim sup
|z|→1
|f(z)|(1− |z|2)α,
(see [1]).
We note that the notion of Cauchy duality is close to the notion of triplet of
Hilbert spaces when the middle space is the Hardy space H2, which is why it is
also called the H2-duality.
In [8] S. Shimorin constructed an analytic model for a left-invertible analytic
operator T ∈ B(H). He showed that operator T is unitarly equivalent to multipli-
cation operator acting in some reproducing kernel Hilbert space H of vector-valued
holomorphic functions defined on a disc. In particular, he introduced and studied
the Cauchy dual operator T ′ of a left-invertible operator T ∈ B(H), which is defined
by
T ′ := T (T ∗T )−1.
The unitary operator U : H → H
Ux(z) =
∞∑
n=0
(PET
′∗nx)zn, z ∈ D(r(T ′)
−1
),
where E := N (T ∗). The Cauchy dual operator T ′ of a left-invertible analytic
operator T is itself left-invertible. Moreover, if the Cauchy dual operator is also
analytic, then for both operators T and T ′ one can construct Hilbert spaces H and
H ′ of vector-valued holomorphic functions defined on a disc. Shimorin observed
that the duality between H and H ′ obtained by identifying them with H is the
same as the duality obtained from the Cauchy pairing
〈U−1f, U ′−1g〉H =
∞∑
n=0
〈fˆ(n), gˆ(n)〉E .
for E-valued polynomials
f(z) =
∞∑
n=0
fˆ(n)zn ∈ H and g(z) =
∞∑
n=0
gˆ(n)zn ∈ H ′.
The notion of the Cauchy dual operator is also interesting from the point of
view of correspondence between some classes of operators:
T  T ′
expansion  contraction
2-hyperexpansive operator  hyponormal contraction
completely hyperexpansive  contractive subnormal
weighted shift weighted shift
· · ·  · · ·
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(see [4]). The topics related to above are currently being studied intensively (see
e.g. [3]). Recently the Cauchy dual subnormality problem, which asks whether the
Cauchy dual operator of a 2-isometry is subnormal was solved negatively in the
class of 2-isometric operators (see [3]).
In this paper, we provide a construction of Cauchy dual space for Banach
space B of vector-valued analytic functions on Ω. Roughly speaking, for B and
B(E)-valued function of two variables Ψ : Ω × Ω′ → B(E) which satisfies certain
conditions we define operator U : B∗ → Hol(Ω′) such that
(1.1) ϕ(Ψe(λ, ·)) = 〈e, (Uϕ)(λ)〉, e ∈ E, λ ∈ Ω′.
It turns out that if additionaly
f(z) =
1
2π
∫ 2π
0
Ψ(f(eit))(eit, z)dt, f ∈ H
then the space constructed above is a Cauchy dual of B.
We describe the relationship between the analytic model for T and analytic
model for the Cauchy dual operator T ′. In particular, we proved that H ′ is a
dual space obtained in the above construction with H in place of B and Ψ : E →
Hol(Ω× Ω′, E) be a linear mapping defined by
Ψe(λ, z) :=
∞∑
n=1
1
λ¯n
L
ne+
∞∑
n=0
λ¯nzne.
Moreover, we characterize left-invertible operators, for which the analytic model
for Cauchy dual operator T is the Cauchy dual of H
2. Preliminaries
In this paper, we use the following notation. The fields of rational, real and
complex numbers are denoted by Q, R and C, respectively. The symbols Z, Z+,
N and R+ stand for the sets of integers, positive integers, nonnegative integers,
and nonnegative real numbers, respectively. Set D(r) = {z ∈ C : |z| < r} and
A(r−, r+) = {z ∈ C : r− < |z| < r+} for r, r−, r+ ∈ R+.
All Hilbert spaces considered in this paper are assumed to be complex. Let
T be a linear operator in a complex Hilbert space H. Denote by T ∗ the adjoint
of T . We write B(H) for the C∗-algebra of all bounded operators and the cone
of all positive operators in H, respectively. The spectrum and spectral radius of
T ∈ B(H) is denoted by σ(T ) and r(T ) respectively. Let T ∈ B(H). We say that
T is left-invertible if there exists S ∈ B(H) such that ST = I. We call T analytic
if H∞ =
⋂∞
i=1 T
i = {0}.
Let X be a set and ϕ : X → X . If n ∈ Z, then the n-th iterate of ϕ is given by
ϕ(n) = ϕ ◦ ϕ ◦ · · · ◦ ϕ, ϕ composed with itself n-times and ϕ(0) is identity function.
For x ∈ X the set
[x]ϕ = {y ∈ X : there exist i, j ∈ N such that ϕ
(i)(x) = ϕ(j)(y)}
is called the orbit of ϕ containing x. If x ∈ X and ϕ(i)(x) = x for some i ∈ Z+,
then the cycle of ϕ containing x is the set
Cϕ = {ϕ
(i)(x) : i ∈ N}.
Define the function [ϕ] : X → Z by
(i) [ϕ](x) = 0 if x is in the cycle of ϕ
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(ii) [ϕ](x∗) = 0, where x∗ is a fixed element of orbit F of ϕ not containing a
cycle,
(iii) [ϕ](ϕ(x)) = [ϕ](x) − 1 if x is not in a cycle of ϕ.
We set
Genϕ (m,n) := {x ∈ X : m 6 [ϕ](x) 6 n}
for m,n ∈ Z.
Lemma 2.1. Let X be a countable set, w : X → C be a complex function on X
and ϕ : X → X be a transformation of X, which has finite branching index. Let
Cϕ,w be a weighted composition operator in ℓ
2(X) and
(2.1) E :=
{ ⊕
x∈Genϕ(1,1)
〈ex〉 ⊕ N ((Cϕ,w|ℓ2(Des(x)))
∗) when ϕ has a cycle,
〈eω〉 ⊕ N (C∗ϕ,w) otherwise,
where Des(x) :=
⋃∞
n=0 ϕ
(−n)(x) and ω is a generalized root of the tree defined by .
Then the subspace E has the following properties:
(i) [E]Cφ′,w ,C∗ϕ,w = H and [E]Cϕ,w,C∗φ′,w = H,
(ii) E ⊥ Cnϕ,wE and E ⊥ C
n
φ′,wE, n ∈ Z+.
Lemma 2.2. Let X be a countable set, ϕ : X → X and w : X → C be
measurable transformations. If Cϕ,w ∈ B(ℓ2(X)) is left-invertible operator, then
the Cauchy dual C′ϕ,w of Cϕ,w is also a weighted composition operator Cφ′,w with
the same symbol ϕ : X → X and weight w′ : X → C defined by
w′(x) :=
w(x)(∑
y∈ϕ−1(ϕ(x)) |w(y)|
2
) .
3. Analytic model
Since the analytic model for left-invertible operator introduced in the recent
paper [6] by the author plays a major role in this paper, we outline it in the following
discussion. Let T ∈ B(H) be a left-invertible operator and E be a closed subspace
of H denote by [E]T∗,T ′ the following subspace of H:
[E]T∗,T ′ :=
∨(
{T ∗nx : x ∈ E, n ∈ N} ∪ {T ′
n
x : x ∈ E, n ∈ N}
)
,
where T ′ is the Cauchy dual of T .
To avoid the repetition, we state the following assumption which will be used
frequently in this paper.
The operator T ∈ B(H) is left-invertible and E is a closed subspace
of H such that [E]T∗,T ′ = H.
(♣)
Suppose (♣) holds. In this case we may construct a Hilbert H associated with T ,
of formal Laurent series with vector coefficients. We proceed as follows. For each
x ∈ H, define a formal Laurent series Ux with vector coefficients as
(3.1) Ux(z) =
∞∑
n=1
(PET
nx)
1
zn
+
∞∑
n=0
(PET
′∗nx)zn.
Let H denote the vector space of formal Laurent series with vector coefficients
of the form Ux, x ∈ H. Consider the map U : H → H defined by Ux := Ux. As
shown in [6, Lemma 3.1] U is injective. In particular, we may equip the space H
with the norm induced from H, so that U is unitary.
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By [6, Theorem 3.2] the operator T is unitary equivalent to the operator Mz :
H → H of multiplication by z on H given by
(Mzf)(z) = zf(z), f ∈ H
and operator T ′∗ is unitary equivalent to the operator L : H → H given by
(L f)(z) =
f(z)− (PN (M∗z )f)(z)
z
, f ∈ H .
Following [8], the reproducing kernel for H is an B(E)-valued function of two
variables κH : Ω× Ω→ B(E) that
(i) for any e ∈ E and λ ∈ Ω
κH (·, λ)e ∈ H ,
(ii) for any e ∈ E, f ∈ H and λ ∈ Ω
〈f(λ), e〉E = 〈f, κH (·, λ)e〉H .
It turns out that if the series (3.1) is convergent in E on Ω ⊂ C for every x ∈ H,
thenH is a reproducing kernel Hilbert space of vector-valued holomorphic functions
on Ω (see [6, Theorem 3.8]).
For left-invertible operator T ∈ B(H), among all subspaces satisfying condition
(♣) we will distinguish those subspaces E which satisfy the following condition
(♠) E ⊥ T nE and E ⊥ T ′
n
E, n ∈ Z+.
4. Duality
Let E be a Hilbert space, B be a Banach space of E-valued analytic functions
on Ω, L : B → B be an operator and Ψ : E → Hol(Ω×Ω′, E) be a linear mapping.
Suppouse that the quintuple (B, Ψ, L , Mz) satisfies the following properties:
(A1) MzB ⊂ B, where (Mzf)(z) = zf(z), f ∈ B,
(A2) B →֒ Hol(Ω, E) the inclusion map is both injective and continuous (the
space Hol(Ω, E) with the topology of uniform convergence on compact
sets) .
(A3) L Mz = IB,
(A4) Ψe(λ, ·) ∈ B for every λ ∈ Ω′, e ∈ E and the subspace lin{Ψe(λ, ·) : e ∈
E, λ ∈ Ω′} is dense in B.
(A5) for every compact subset K ⊂ Ω′ there exist constant CK > 0 such that
‖Ψe(λ, ·)‖B ≤ CK‖e‖E, λ ∈ K, e ∈ E
(A6) LΨe(·, λ) = λ¯Ψe(·, λ) for every λ ∈ Ω′, e ∈ E.
We begin by constructing a quintuple (B′, Ψ′, L , Mz) related to (B, Ψ, L ,
Mz).
• Define an operator U : B∗ → Hol(Ω′, E) such that for every ϕ ∈ B∗ the
following equation holds
(4.1) ϕ(Ψe(λ, ·)) = 〈e, (Uϕ)(λ)〉, e ∈ E, λ ∈ Ω′.
Since the set {Ψe(·, λ) : e ∈ E, λ ∈ Ω} is dense in B the map U : B∗ ∋
ϕ → Uϕ ∈ Hol(Ω′) is injective. Let B′ := UB∗. In particular, we may
equip the space B′ with the norm induced from B, so that U is unitary.
• Let L := UM ∗z
6 P. PIETRZYCKI
• Ψ′ : E → Hol(Ω× Ω′, E), defined by
〈Ψ′(λ, z)e1, e2〉 = 〈e1,Ψ(λ, z)e2〉
for every z ∈ Ω, λ ∈ Ω′ and e1, e2 ∈ E.
Our next goal is to consider some functional in B∗ that will play an essential
role in the proof of Theorem 4.2. Given e0 ∈ E and z0 ∈ Ω, we define a function
ϕz0,e0 : B → C by
(4.2) ϕz0,e0(f) = 〈f(z0), e0〉, f ∈ B.
We now describe the image of these functionals under U .
Lemma 4.1. Let e0 ∈ E and z0 ∈ Ω. Then
(4.3) Uϕz0,e0 = Ψ
′e0(·, z0)
Proof. Combining (4.1) with (4.2), we get
〈e, (Uϕz0,e0)(λ)〉 = ϕz0,e0(Ψe(λ, ·)) = 〈Ψe(λ, z0), e0〉
= 〈e,Ψ′(λ, z0)e
′〉
for λ ∈ Ω′, e ∈ E. This completes the proof. 
Now we show that B′ is also a Banach space of analytic functions on Ω′ and
the quintuple ( B′, Ψ′, L , Mz) satisfies the conditions (A1)-(A6). Moreover,
LU = UM ∗z MzU = UL
∗
Theorem 4.2. Suppouse that the quintuple (B, Ψ, L , Mz) is as above. The
quintuple ( B′, Ψ′, L , Mz) satisfies the conditions (A1)-(A6). Moreover,
(i) L U = UM ∗z ,
(ii) MzU = UL ∗.
Proof. Let K be a compact subset of Ω′. By (4.1) and (A5) (property for B),
we have
|〈e, (Uϕ)(λ)〉| = |ϕ(Ψe(λ, ·))| ≤ ‖ϕ‖‖Ψe(λ, ·))‖ ≤ CK‖Uϕ‖‖e‖,
for e ∈ E, λ ∈ K, which yields
(4.4) |(Uϕ)(λ)| ≤ CK‖Uϕ‖, λ ∈ K.
This proves condition (A2).
We show the subspace lin{Ψ′e(·, z) : e ∈ E, z ∈ Ω} is dense in B′. Let V :=
lin{ϕz,e : e ∈ E, z ∈ Ω}. Suppouse that the subspace V is not danse in B∗. Then
there exist F ∈ B∗∗ such that F 6= 0 and F |V = 0. By reflexivity there exist f ∈ B
such that
F (ϕ) = ϕ(f), ϕ ∈ B∗.
This implies that
(4.5) F (ϕz0,e′) = 〈f(z0), e
′〉.
Since F |V = 0, we deduce that 〈f(z0), e0〉 = 0 for every e0 ∈ E and z0 ∈ Ω. By
Identity theorem f = 0. This shows that F = 0 and. An application of Lemma 4.1
completes the proof of property (A4).
We claim that for every compact subset K ⊂ Ω there exist a constant CK > 0
such that
‖Ψ′e(·, z)‖B′ ≤ CK‖e‖E, λ ∈ K, e ∈ E.
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This can be seen as follows. Let K be compact subsets of Ω. By (A2) (property
for B) there exist CK > 0 such that
‖f(z)‖E ≤ CK‖f‖B, z ∈ K, f ∈ B.
This implies that
|ϕz,e(f)| = |〈f(z), e〉| ≤ ‖f(z)‖E‖e‖E ≤ CK‖f‖B‖e‖E(4.6)
for z ∈ K, f ∈ B and e ∈ E. In turn, by Lemma 4.1 we see that
‖Ψ′e(λ, ·)‖ = ‖Uϕz,e‖ = ‖ϕz,e‖,
which together with (4.6) gives
‖Ψ′e(λ, ·)‖ ≤ CK‖e‖.
This proves our claim and thus property (A5) is justified.
We show that LΨ′e(·, z) = z¯Ψ′e(·, z), for every e ∈ E, z ∈ Ω. By Lemma 4.1
the following equalities hold
〈e1,LΨ
′e2(λ, z)〉 = 〈e1,UM
∗
z ϕz0,e2(λ)〉 = M
∗
z ϕz0,e2(Ψe1(λ, ·))
= ϕz,e2(MzΨ(λ, ·)e1) = 〈zΨ(λ, z)e1, e2〉
= 〈e1, z¯Ψ
∗(λ, z)e2〉
for every e1, e2 ∈ E, z ∈ Ω and λ ∈ Ω
′. This shows property (A6).
Now we justify the assertions (i) and (ii).
(i) This follows from the definition of L .
(ii) Combining (4.1) with (A6), we get
〈e,UL ∗ϕ(λ)〉 = L ∗ϕ(Ψe(λ, ·)) = ϕ(LΨe(λ, ·)) = ϕ(λ¯Ψe(λ, ·)) =
= λ¯ϕ(Ψe(λ, ·)) = 〈e, λUϕ(λ)〉 = 〈e,MzUϕ(λ)〉
for e ∈ E.

Example 4.3. In [2] A. Aleman, S. Richter, W. T. Ross studied the Banach
space B of analytic functions on D which satisfies the following five properties:
(B1) MzB ⊂ B,
(B2) B →֒ Hol(Ω) the inclusion map is both injective and continuous (the space
Hol(Ω) with the topology of uniform convergence on compact sets)
(B3) 1 ∈ B
(B4) LλB ⊂ B,
(B5) σ(Mz) = D,
where
(Lλf)(z) =
f(z)− f(λ)
z − λ
.
In some cases the authors additionally assume the following conditions:
(B6) the polynomials are dense in B,
(B7) B is reflexive.
It turns out that this example include the classical Banach spaces of holomorphic
functions in the unit disc: the Hardy spaces, the weighted Bergman spaces, the
weighted Dirichlet spaces, and the Besov spaces (see [2]). If we additionaly assume
that
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Now we justify that the Banach space B with backward shift L : B → B given
by
(L f)(z) =
f(z)− f(0)
z
and linear map Ψ : C→ Hol(D× D) defined by
(4.7) Ψω(λ, z) :=
ω
1− λ¯z
satisfies the conditions (A1)-(A6). It is trivial that the quintuple (B, Ψ, L , Mz)
satisfies conditions (A1)-(A3) and (A6). The fact that quintple satisfies condition
(A) follows from [2, Proposition 2.2].
Following [8, Denition 2.4], we say that T ∈ B(H) possesses the wandering
subspace property, if
[N (T ∗)]T =
∨
{T nN (T ∗) : n ∈ N} = H.
It turns out that for a left-invertible operator T , T is analytic if and only if the
Cauchy dual T ′ of T possesses wandering subspace property (see [8, Proposition
2.7]). The next two examples are related to the Shimorin’s analytic model and the
model constructed in [6, Section 3]. For the sake of completeness, we only provide
definitions of the quintuple (H , Ψ, L , Mz) here, the justification is given in the
next section.
Example 4.4. Let T ∈ B(H) be a left-invertible analytic operator with the
wandering subspace property and E := N (T ∗). Let H be a Hilbert space of vector-
valued analytic functions associated with T , backward shift L : H → H be the
backward shift given by
(L f)(z) =
f(z)− f(0)
z
, f ∈ H ,
and Ψ : E → Hol(Ω× Ω′, E) be a linear mapping defined by
Ψe(λ, z) :=
1
1− λ¯z
e =
∞∑
n=0
λ¯nM nz e.
Example 4.5. Let T ∈ B(H) be left-invertible and analytic operator and E
closed subspace of H that [E]T∗,T ′ = H, [E]T ′∗,T = H. Let H be a Hilbert space
of vector-valued analytic functions associated with T , L : H → H be a backward
shift given by
(L f)(z) =
f(z)− (PN (M∗z )f)(z)
z
, f ∈ H .
and Ψ : E → Hol(Ω× Ω′, E) be a linear mapping defined by
Ψe(λ, z) :=
∞∑
n=1
1
λ¯n
L
ne+
∞∑
n=0
λ¯nzne =
∞∑
n=1
1
λ¯n
L
ne+
∞∑
n=0
λ¯nM nz e.
5. Duality for analytic model
The Cauchy dual operator T ′ of a left-invertible operator is itself left-invertible.
Assume now that there exist a closed subspace E ⊂ H such that [E]T∗,T ′ = H and
[E]T ′,T = H hold. Then for both operators T and T
′ one can construct Hilbert
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spaces H and H ′ of E-valued Laurent series. Therefore, by (3.1) the formal
Laurent series U ′x takes the form
U ′x(z) :=
∞∑
n=1
(PET
′nx)
1
zn
+
∞∑
n=0
(PET
∗nx)zn.
and H ′ is the space of Laurent series of the form U ′x, x ∈ H. In this section,
we show that analytic model for left-invertible operator T is a natural example of
Banach space of vector-valued analytic functions considered in Section 4. We will
describe the relationship between the analytic model for T and analytic model for
the Cauchy dual operator T ′.
We will consider the quintuple (H , Ψ, L , Mz), where
• H is a Hilbert space of vector-valued analytic functions associated with
T ,
• Ψ : Ω× Ω′ → B(E) is a B(E)-valued function defined by
Ψ(λ, z) :=
∞∑
n=1
1
λ¯n
L
n +
∞∑
n=0
λ¯nzn =
∞∑
n=1
1
λ¯n
L
n +
∞∑
n=0
λ¯nM nz
• L : H → H is a backward shift given by
(L f)(z) =
f(z)− (PN (M∗z )f)(z)
z
, f ∈ H .
• Mz is a multipliction operator
Our next goal is to show that quintuple (H , Ψ, L , Mz) satisfies properties
(A.1) through (A.6).
Theorem 5.1. Suppose (♣) holds. Then quintuple (H , Ψ, L , Mz) satisfies
properties (A.1) through (A.6). In particular,
(i) The inclusion map
ι : H →֒ Hol(A(r−, r+), E),
where Hol(A(r−, r+), E) is with the topology of uniform convergence on
compact sets is both injective and continuous.
(ii) the subspace lin{Ψe(·, λ) : e ∈ E, λ ∈ Ω} is dense in B.
(iii) LΨe(·, λ) = λ¯Ψe(·, λ)
Proof. (i) Since by [6, Theorem 3.8] the series
(5.1)
∞∑
n=1
(PET
n)
1
λn
+
∞∑
n=0
(PET
∗′n)λn ∈ B(H, E)
converges absolutely and uniformly in operator norm on any compact set contained
in A(r−, r+) there exist constant CK for every compact subset K ⊂ A(r−, r+) such
that
(5.2) ‖
∞∑
n=1
(PET
n)
1
λn
+
∞∑
n=0
(PET
∗′n)λn‖ ≤ CK .
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This implies that
‖Ux(λ)‖E = ‖
∞∑
n=1
(PET
nx)
1
λn
+
∞∑
n=0
(PET
′∗nx)λn‖E
≤ CK‖x‖H = CK‖Ux‖H .
(ii) Suppouse that there exist f ∈ H such that
(5.3) 〈Ψλ,e, f〉 = 0, e ∈ E, λ ∈ A.
By (5.6), we see that (5.3) is equivalent to
∞∑
n=1
(PET
′nU∗f)
1
λn
+
∞∑
n=0
(PET
∗nU∗f)λn = 0.
An application of [6, Lemma 3.1] with T ′ in place of T completes the proof.
(iii) By [6, Theorem 3.2], we get
L = UT ′∗
Ψλ,e(z) = U(
∞∑
n=1
1
λ¯n
T ′∗ne +
∞∑
n=0
λ¯nT ne)
This is a direct consequence of .
By [6, Theorem 3.8] with T ′ in place of T the series
(5.4)
∞∑
n=1
(PET
′n)
1
λn
+
∞∑
n=0
(PET
∗n)λn ∈ B(H, E)
converges absolutely and uniformly in operator norm on any compact set contained
in A(r′−, r′+). This implies that there exist constant CK for every compact subset
K ⊂ A(r′−, r′+) such that
(5.5) ‖
∞∑
n=1
(T ∗′nPE)
1
λn
+
∞∑
n=0
(T nPE)λ
n‖ ≤ CK .
‖Ψe(λ, ·)‖H = ‖U(
∞∑
n=1
1
λ¯n
T ′∗ne+
∞∑
n=0
λ¯nT ne)‖E ≤ CK‖e‖H.

Theorem 5.2. Let T ∈ B(H) be left-invertible operator, E ⊂ H be a closed
subspace and U , H , U ′, H ′ are as above. Suppouse that [E]T∗,T ′ = H, [E]T ′∗,T =
H and (♠) holds. Then H ′ = UH ∗.
Proof. Let ϕ ∈ H ∗. By Riesz-Fre´chet representation theorem there exist
g ∈ H such that ϕ(f) = 〈f, g〉. Hence, for every e ∈ E, λ ∈ A
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ϕ(Ψλ,e(z)) = 〈Ψλ,e(z), g〉H = 〈U(
∞∑
n=1
1
λ¯n
T ′∗ne+
∞∑
n=0
λ¯nT ne), g〉H(5.6)
= 〈U(
∞∑
n=1
1
λ¯n
T ′∗ne+
∞∑
n=0
λ¯nT ne), U∗g〉H(5.7)
= 〈e,
∞∑
n=1
(PET
′nU∗g)
1
λn
+
∞∑
n=0
(PET
∗nU∗g)λn〉H.
Therefore
Uϕ(λ) =
∞∑
n=1
(PET
′nU∗g)
1
λn
+
∞∑
n=0
(PET
∗nU∗g)λn, λ ∈ A.
This completes the proof. 
Our next aim is to characterize the circumstances under which the duality
between H and H ′ with respect to the Cauchy pairing holds.
Theorem 5.3. Suppose (♣) and (♠) holds and the series (3.1) is convergent
in E on an annulus A(r−, r+) with 0 6 r− < 1 < r+ for every x ∈ H. Then the
following conditions are equivalent:
(i)
f(z) =
1
2π
∫ 2π
0
(Ψf(eit))(eit, z)dt, f ∈ H
(ii)
∞∑
n=1
T ′∗
n
PET
n +
∞∑
n=0
T nPET
′∗n = I
(iii)
〈U∗f, U ′∗g〉H =
∞∑
n=−∞
〈fˆ(n), gˆ(n)〉E , f ∈ H , g ∈ H
′
(iv)
ϕ(f) =
∫ 2π
0
〈f(eit),Uϕ(eit)〉
dt
2π
, f ∈ H , ϕ ∈ H ∗.
Proof. (iii)⇔(iv) This is direct consequence of Theorem 5.2.
(i) =⇒ (iii) Fix any ϕ ∈ H ∗. By (4.1), we have
ϕ(f) =
∫ 2π
0
ϕ((Ψf(eit))(eit, z))dt =
∫ 2π
0
〈f(eit),Uϕ(eit)〉
dt
2π
=
∞∑
n=−∞
〈fˆ(n), Ûϕ(n)〉E
(ii) =⇒ (i) Let x := U∗f . Since the operator T ′∗ is unitary equivalent to the
operator L , we have
1
λ¯n
L
n(f(λ)) =
1
λ¯n
UT ′∗
n
(
∞∑
n=1
(PET
nx)
1
λn
+
∞∑
n=0
(PET
′∗nx)λn).
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As a consequence, we get
(5.8)
1
2π
∫ 2π
0
1
eitn
L
n(f(eit))dt = UT ′∗
n
PET
nx.
Following steps analogous to those above, we obtain that
λ¯nznf(λ) = λ¯nUT n(
∞∑
n=1
(PET
nx)
1
λn
+
∞∑
n=0
(PET
′∗nx)λn).
Hence, we have
1
2π
∫ 2π
0
zneitnf(eit)dt = UT nPET
′∗nx.
This, combined with (5.8) yields
1
2π
∫ 2π
0
(Ψf(eit))(eit, z)dt =
1
2π
∫ 2π
0
(
∞∑
n=1
1
¯eitn
L
n +
∞∑
n=0
¯eitnzn)f(eit)dt
=
∞∑
n=1
1
2π
∫ 2π
0
1
¯eitn
L
nf(eit)dt
+
∞∑
n=0
1
2π
∫ 2π
0
¯eitnznf(eit)dt
= U(
∞∑
n=1
T ′∗
n
PET
nx+
∞∑
n=0
T nPET
′∗nx)
= f(z).
This completes the proof. 
6. Weighted composition operator
In this section, we illustrate Theorem 5.3 by considering several interesting
examples. Since the analytic structure of composition operators plays a major role
in this section, we outline it in the following discussion. Let X be a countable
set, w : X → C be a complex function on X , ϕ : X → X be a transformation
of X and Cϕ,w be a weighted composition operator in ℓ
2(X). We will need only
consider composition functions with one orbit, since an orbit induces a reducing
subspace to which the restriction of the weighted composition operator is again a
weighted composition operator. Suppose that the series (3.1) with C in place of
T is convergent in E on an annulus A(r−, r+) with r− < r+ and r−, r+ ∈ [0,∞)
for every x ∈ H. In [6, ] the inner and outer radius of convergence for weighted
composition operator was described only in terms of its weights. In this case (see
[6, Theorem 4.3]), there exist a z-invariant reproducing kernel Hilbert space H of
E-valued holomorphic functions defined on the annulus A(r−, r+) and a unitary
mapping U : ℓ2(V )→ H such that MzU = UC, where Mz denotes the operator of
multiplication by z on H . Moreover, in the case when ϕ does not have a cycle the
linear subspace generated by E-valued polynomials in z and E˜-valued polynomials
involving only negative powers of z is dense in H , that is
(6.1)
∨
({znE : n ∈ N} ∪ {
1
zn
E˜ : n ∈ Z+}) = H .
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If ϕ has a cycle Cϕ, then there exist τ functions f1, . . . , fτ on A(r
−
w,φ, r
+
w,φ) given
by the following Laurent series
fi(z) :=
∞∑
k=0
τ∑
i=1
ΛkAi
1
zkτ+i
, i = 1, ..., τ,
where τ := cardCϕ and Λ :=
∏
x∈Cϕ
w(x) such that the linear subspace generated
by E-valued polynomials in z and the above functions is dense in H , that is∨
({znE : n ∈ N} ∪ {fi : i ∈ {1, . . . τ}}) = H .
We begin by proving that in the case of left-invertible weighted composition opera-
tors on H the duality between H and H ′ obtained by identifying them with H is
the same as the duality obtained from the Cauchy pairing for some dense subspace,
which contain all vector-valued polynomials.
Theorem 6.1. Let X be a countable set, w : X → C be a complex function on
X and ϕ : X → X be a transformation of X, which has finite branching index. Let
Cϕ,w be a left-invertible weighted composition operator in ℓ
2(X). Then the duality
between H and H ′ obtained by identifying them with H is the same as the duality
obtained from the Cauchy pairing
(6.2) 〈U−1f, U ′−1g〉H =
∞∑
n=−∞
〈fˆ(n), gˆ(n)〉E .
f ∈ lin({ezn : e ∈ E, n ∈ N} ∪ US) and g ∈ lin({ezn : e ∈ E, n ∈ N} ∪ U ′S),
where E is as in (2.1) and S := {ex : x ∈ Y } with
Y :=
{
Cϕ when ϕ has a cycle
{x : [ϕ](x) < 0} otherwise.
Proof. First of all, observe that if
(6.3)
∞∑
n=1
T ′∗
n
PET
nv +
∞∑
n=0
T nPET
′∗nv = v
then equality (6.2) holds for g := Uv and every f ∈ H ′. Therefore it is enough to
show that above equality holds for v ∈ {T ne : e ∈ E, n ∈ N} ∪ {ex : x ∈ Y }.
Consider the case when v = Tme, e ∈ E, m ∈ N. We infer from (♠) that
∞∑
n=1
T ′∗
n
PET
n(Tme) +
∞∑
n=0
T nPET
′∗n(Tme) = Tme
We now consider two disjunctive cases which cover all possibilities. First we
consider the case when ϕ does not have a cycle. Fix [ϕ](x) < 0. Using Lemma 2.2,
one can o verify that T nPET
′∗nex = 0 for every n ∈ N and
T ′∗
n
PET
nex =
{
ex if n = −[ϕ](x),
0 otherwise.
Hence, equation (6.3) holds for v = ex.
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It remains to consider the other case when ϕ has a cycle. Let S : Cϕ → R be
the function defined by
s(x) :=
∑
y∈ϕ−1(ϕ(x))
|w(y)|2
and h : {0, 1, . . . , τ} → R be the function given by
h(m) :=
{ ∏τ−1
k=m(w(x)w
′(x)) =
∏τ−1
k=m
|w(ϕ(k)(x))|2
s(ϕ(k)(x))
if m < τ,
1 if m = τ .
Fix any x ∈ Cϕ and m such that 0 ≤ m < τ . Then for y ∈ ϕ−1(ϕm+1(x)) \
{ϕ(m)(x)}, we have
T ′∗
n
Plin{ey}T
nex =
{
h(0)l |w(y)|
2
s(ϕ(m)(x))
h(m+ 1)ex if n = lτ +m, l ∈ N,
0 otherwise.
Define the subspace Em := lin{ey : y ∈ ϕ−1(ϕm+1(x))\ {ϕ(m)(x)}}. It follows from
the last equality that
T ′∗
n
PEmT
nex =
∑
y∈ϕ−1(ϕ(x))\{x}
T ′∗
n
Plin{ey}T
nex
=
{
h(0)l s(ϕ
(m)(x))−|w(ϕ(m)(x))|2
s(ϕ(m)(x))
h(m+ 1) if n = lτ +m, l ∈ N,
0 otherwise.
Summing over all n ∈ N, we get
∞∑
n=0
T ′∗
n
PEmT
nex =
s(ϕ(m)(x)) − |w(ϕ(m)(x))|2
s(ϕ(m)(x))
h(m+ 1)
∞∑
l=0
h(0)l(6.4)
=
h(m+ 1)− h(m)
1− h(0)
.
Looking at the formula (2.1), we deduce that
(6.5) C∗φ′,we =
{
w′(x)eϕ(x) if e = ex, x ∈ Genϕ(1, 1)
0 if e ∈
⊕
x∈Genϕ(1,1)
N ((Cϕ,w|ℓ2(Des(x)))
∗)
Thus, by (6.5) we have
∞∑
n=0
T ′∗
n
PET
nex =
τ−1∑
k=0
∞∑
n=0
T ′∗
n
PEkT
nex(6.6)
Combining (6.4) with (6.6), we deduce that
∞∑
n=0
T ′∗
n
PET
nex =
1
1− h(0)
τ−1∑
k=0
[h(k + 1)− h(k)]ex = ex

Theorem 6.2. Let X be a countable set, w : X → C be a complex function on
X, ϕ : X → X be a transformation of X, which has finite branching index and E
be as in (2.1). Let Cϕ,w be a left-invertible weighted composition operator in ℓ
2(X).
(i) the series (3.1) is convergent in E on an annulus A(r−, r+) with 0 6 r− <
1 < r+ for every x ∈ H,
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(ii)
∞∑
n=1
C∗nφ′,wPEC
n
ϕ,w +
∞∑
n=0
Cnϕ,wPEC
∗n
φ′,w
converges absolutely in the norm of B(ℓ2(X)).
Then the dual of the Hilbert space H of vector-valued analytic functions associ-
ated with Cϕ,w can be identified as the Hilbert space H
′ of vector-valued analytic
functions associated with the Cauchy dual operator of Cϕ,w via the Cauchy pairing∫ 2π
0
〈f(eit), g(eit)〉
dt
2π
, f ∈ H , g ∈ H ′.
Proof. Apply Theorem 5.3 and 6.1. 
In the next theorem, we provide some criterion for absolute convergence of the
series (6.7).
Theorem 6.3. Let T ∈ B(H) be a left-invertible and E ⊂ H be a closed
subspace such that the following conditions holds
(i) [E]T∗,T ′ = H and [E]T ′∗,T = H,
(ii) E ⊥ T nE and E ⊥ T ′nE, n ∈ Z+,
(iii) the series (3.1) is convergent in E on an annulus A(r−, r+) with r− < r+
and r−, r+ ∈ [0,∞) for every x ∈ H,
(iv) the series (3.1) is convergent in E on an annulus A(r′−, r′+) with r′− <
r′+ and r′−, r′+ ∈ [0,∞) for every x ∈ H,
(v) there exist λ0 ∈ C such that λ0 ∈ A(r−, r+) and
1
λ0
∈ A(r′−, r′+).
Then the series
(6.7)
∞∑
n=1
T ′∗
n
PET
n +
∞∑
n=0
T nPET
′∗n
converges absolutely in the norm of B(E).
Proof. Indeed, it follows from our assumptions on the series in (3.1) that
series
∞∑
n=0
(PET
∗nx)λn,
converges for every x ∈ H on annulus A(r−, r+). Since 1
λ0
∈ A(r−, r+). There
exists a constant C(x) > 0, x ∈ H, such that
‖(PET
∗nx)‖ < C(x), n ∈ N.
By uniform boundedness principle (see [7, Theorem 2.6]) we obtain that there exists
a constant M > 0 such that
(6.8) ‖(PET
∗n)‖ < M, n ∈ N.
This implies that
(6.9) ‖(T nPE)‖ < M, n ∈ N.
We show that series
∞∑
n=0
T nPET
∗′n,
16 P. PIETRZYCKI
converges absolutely in the norm of B(E). We infer from assertion (i) [6, Theorem
3.8] that the series
∑∞
n=0(PET
∗′n) converges absolutely in E. As a consequence,
we have
‖
k∑
n=0
T nPET
∗′n‖ ≤
k∑
n=0
‖(T nPE)(PET
∗′n)‖ ≤
k∑
n=0
‖(PET
n)‖‖(PET
∗′n)‖
≤M
∞∑
n=0
‖(PET
∗′n)‖ <∞.
By the same kind of reasoning one can show that series
(6.10)
∞∑
n=0
(T ∗′nPET
n),
also converges absolutely in the norm of B(E).

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